The 
Introduction
The fully funded second pillar pension was introduced in Lithuania from 1 January 2004 by reforming pension system, which previously was based only on pay-as-you-go principle.
The second pension pillar is based on the individual fully funded accounts of participants who are allowed to pay a part of their obligatory pension insurance contribution into their personal account, instead of paying the full contribution into the state social insurance fund (the first pension pillar). Due to this, the acquired first pillar old-age pension rights of the participants are proportionally reduced.
The second pillar is administrated by pension accumulation companies, which manage several pension funds with different investment strategies. Participation in the second pension pillarnot like in many other countries with similar system -is completely voluntary in Lithuania. By the end of 2017 Q3, more than 1.27 million participants -96 percent of those eligible for a full pension -are accumulating capital in second pillar pension funds. The main principles of the pension reform in Lithuania are similar to many other post-communist countries (Latvia, Estonia, Poland etc.) , where pension systems were reformed earlier (see Égert, 2012; Volskis, 2012; Jankauskienė and Medaiskis, 2014) .
Each pension accumulation company offers 3 to 6 pension funds with various investment strategies in Lithuania. Pension funds are divided into four groups according to their investment strategy. Most of the second pillar pension funds are "mixed": assets of these funds are invested into high investment risk asset classes (e.g. equities) and into less risky asset classes (e.g. government bonds). According to the data of the Bank of Lithuania (2016) , second pension pillar funds are divided into the following four groups depending on share of investments into equities:
-conservative pension funds (assets under management (hereinafter, AUM) are not invested into equities);
-pension funds investing a small part into equities (up to 30 per cent of AUM are invested into equities);
-pension funds investing a medium part into equities (up to 70 per cent of AUM are invested into equities);
-pure equity pension funds (up to 100 per cent of AUM are invested into equities).
In 2008-2009 global financial crisis significantly affected second pension pillar. On the one hand, the accumulated capital lost value due to turbulence in financial markets, on the other hand, contributions to second pillar pension funds were decreased from 5.5% to 1.5% in 2009 due to fiscal deficit. Later, the government decided to change the participation level (rules), and in 2013 participants of second pillar pension funds had to choose their participation level (contributions level) by selecting one of the following options:
-to stop further participation in the second pillar.
-to increase participation in the second pillar (by paying additional 2 per cent contribution supplemented with a state contribution of 2 per cent of average country wage).
-to stay with previous participation level (see Maccioni and Gudaitis, 2014) .
It is expected that a pension fund participant will be active and will change the pension fund strategy (risk) during the long-term pension accumulation period. However, our recent analysis (see Medaiskis et al., 2018) of the data of the State Social Insurance Fund Board (Sodra), has
showed that the behaviour of participants is not as rational as it was expected. The majority of pension fund participants have selected an inappropriate pension fund (according on investment strategy and investment risk) while evaluating the accumulation period which they have left till retirement. The results show that young participants selected too conservative investment strategies, which means that in the beginning of their participation in the second pension pillar they do not take full advantage of higher returns in equity markets. Meanwhile, senior participants tend to opt for a larger investment risk before retirement by choosing pension funds that invest a larger part of AUM into equities. The analysis also shows that participants are inactive and do not change the investment strategy over the accumulation period. Even those participants who have changed the pension fund made irrational decisions and chose an inappropriate pension fund (according to investment strategy and risk) during various stages of the development of financial markets. In case of a peak in stock markets, participants choose to switch from a fund with a lower proportion of equities, to the fund with a higher proportion of equities. In case of a bottom in stock markets, participants acted vice versa.
Recently, in Lithuania it was debated whether the introduction of life-cycle investment strategies as the default option for the second pension pillar could be a solution to the problems described above (see Bank of Lithuania (2017) ). This investment strategy lets participants to move gradually from one asset allocation to another as they get older. It means that young citizens in the beginning of the accumulation period will participate in the second pension pillar with a high proportion of equities in their portfolio and will gradually shift to more conservative asset allocation as the target date (retirement) approaches. Therefore, such dynamic asset allocation must have a strong analytical foundation.
The goal of the paper is to evaluate the optimal life-cycle investment strategy in Lithuanian second pension pillar using a realistically and quantitatively calibrated model. Authors aims to test a hypothesis, if life-cycle investment strategy would be rational choice for second pillar pension fund's participant.
The paper consists of three main parts. At the beginning, previous research on this topic is briefly described. Secondly, the model and calibrated parameters that were used to evaluate optimal life-cycle investment strategy are explained. Finally, the main simulation results, including benchmark case and sensitivity analysis, are presented.
Literature review
In scientific literature, the analysis of optimal investment strategy during a person's life-cycle has already been started in the late 1960s. Samuelson (1969) and Merton (1969) demonstrated that it is optimal to invest a constant proportion of a person's assets into equities during all his accumulation period. They argue that such investment strategy depends only on the person's risk aversion and equity risk premium, but not on his age or accumulated wealth. However, these authors made the unrealistic assumption that an individual's consumption is determined by his financial wealth, but not by future labour income. Bodie et al. (1992) showed that labour and investment choices are intimately related. Thus a person simultaneously selects his optimal levels of current consumption, labour effort and investment portfolio at each period in the life-cycle. They also suggest that at any age, greater labour flexibility will include greater risk taking in the individual's financial investment.
Empirical studies (e.g. Bodie et al. (1992) and Viceira (2001) ) have confirmed that it is optimal for persons to hold proportionally more equities in their portfolios and to shift their investments towards riskless assets as they approach retirement age. This popular financial advice is also supported by other studies. Cocco et al. (2005) solved a dynamic realistically calibrated lifecycle model of consumption and portfolio choice with borrowing constraints. In this study, nontradable labour income shocks are allowed to follow specific stochastic processes. These authors have found that a life-cycle investment strategy that reduces an individual's equity share in portfolio as he ages may be optimal depending on the shape of the labour income profile. Also, ignoring labour income generates large utility costs. However, after comparison with alternative strategies, the authors consider this popular financial advice to be quite imprecise. Moreover, it does not take risk aversion and the riskiness of labour income into account. Bagliano et al. (2009) have extended the model described above by introducing bonds as the second risky asset. This allowed them to obtain minor variations with respect to known results. Furthermore, Blake et al. (2008) investigated pension accumulation strategies under the assumption that an individual has an Epstein-Zin utility function that allows a separation between risk aversion and elasticity of intertemporal substitution. This analysis has also confirmed that an accumulation approach with a high weight in equity-type investments and a gradual switch into bond-type investments as retirement approaches is an optimal strategy. The authors have also found that the optimal contribution rate is not constant, and exhibits a Ushaped pattern during the accumulation period.
In scientific literature (e.g. Cocco et al. (2005) , Bagliano et al. (2009) , Blake et al. (2008) ), the motive for reducing the share of equities in portfolio as a person approaches the retirement age is explained through the ratio of human capital (i.e. discounted expected future labour income) and financial wealth. This ratio changes over an individual's life-cycle in such a way that it increases in the early part of working life to reach a peak and then start to decline. Human capital can be considered as implicit riskless asset holdings, which lose weight as person ages, leading him to hold more riskless assets in his financial portfolio. Ibbotson et al. (2007) consider that the characteristics of human capital have a significant impact on optimal portfolio allocation. Thus it is necessary to determine the human capital risk and whether it is correlated with financial market risk. Fachinger and Mader (2007) provide two arguments to support the advice to reduce the share of equities in portfolio as retirement approaches, regardless of the individual's risk preferences or a particular life situation. First argument is time diversification, which means that equity risk is decreased by long holding periods. Over a longer period of time, short-term equity market fluctuations are assumed to be less important. The second argument is the targeting for large liquidity needs in midlife. This means that when individuals save towards a specific goal, such as retirement, having higher equity exposure at the beginning of accumulation will lead to higher average returns. As the target date approaches, a person should decrease risk exposure to minimize the likelihood of missing their target.
Several studies performed a comparison of life-cycle and other investment strategies. Pfau (2010) compared life-cycle and fixed asset allocation strategies. The analysis confirms that persons with very reasonable amounts of risk aversion may prefer the life-cycle approach, despite the tendency for aggressive fixed allocation strategies to produce larger expected wealth. The results prove that the life-cycle strategy can be justified even in a framework that includes only financial wealth. Antolin et al. (2010) assessed the relative performance of different investment strategies for various pay-out phases. They found that life-cycle strategies that maintain a constant exposure to equities during most of the accumulation period, switching swiftly to bonds in the last decade before retirement, seem to produce better results and are easier to explain.
According to Azoulay et al. (2016) , life-cycle funds have gained favour with retirement plan participants in recent years because they offer robust portfolio growth in the beginning of accumulation and the preservation of accumulated wealth before retirement. Also there is no need for participants to keep a constant watch on their investment strategy. Bagliano et al. (2017) extended the life-cycle model allowing for a small risk of long-term unemployment with permanent effects on labour income. Therefore, the effects of unemployment on life-cycle savings and portfolio choice were investigated.
Methodology

The model
In order to evaluate the optimal life-cycle investment strategy for the Lithuanian second pension pillar, the authors constructed the model that is closely related to such works as Cocco et al. (2005) , Bagliano et al. (2009) and Blake et al. (2008) . Due to specifics of participation in the Lithuanian second pension pillar, the authors introduced necessary modifications to the model, which was presented in these papers.
In this model, it is considered that a participant begins to accumulate in the second pension pillar at the age of 20, works for 45 years, and retires at the age of 65. The accumulation period is denoted t, then index 20+t indicates the participant's age (in the beginning of accumulation, t is equal to 0). Authors make an assumption, that individual receive steady regular income during accumulation period. Additionally, unisex principle is used in the model. Therefore, such sociodemographic factors as genders' wage gap, duration of parental leave and different retirement age for genders are not included in the model. Before analysing a person's life-cycle investment strategy optimization problem, it is necessary to define his labour income process and investment opportunities.
The labour income process. Each year, participant i receives an average monthly real labour income ( ,20+ ), modelled as an index, with the base of value at age of 20. Thus, each participant at the age of 20 receives an average monthly income equal to 1 ( ,20 = 1). The person's labour income process is represented in following equation:
Here is the long-term average real rate of income growth (reflecting productivity growth in the economy), 20+ is the career income profile, ,20+ is permanent shock to participant's i labour income and ,20+ is a transitory shock to his labour income.
The career income profile 20+ denotes the deterministic trend component of permanent income, which depends on age. It is considered that this component is equal for all participants. In this model, career income profile is expressed as a logarithm of real labour income 20+ , which is evaluated by econometric methods as a function of a person's age (see Figure 1 below). Formally, this variable is described in equation (2).
The labour income process is also exposed to permanent and transitory shocks, which are uncorrelated across participants. These two variables permit to include a specified degree of uncertainty to the labour income process. Transitory shock ,20+ is distributed as (0, 2 ) and uncorrelated with permanent shock ,20+ . It is assumed that permanent shock follows a random walk process:
Where ,20+ is distributed as (0, 2 ) and uncorrelated with ,20+ .
Investment opportunities. In this model, contributions and accumulated capital in a second pension pillar individual account can be invested in two types of assets: riskless and risky assets. The annual gross real return of riskless asset ,20+ (e.g. government bonds) is described in equation (4).
Where is mean (long-term) return of riskless asset and ,20+ are innovations to the return of riskless asset, which are distributed as (0, 2 ). Furthermore, the annual gross real return of risky asset ,20+ (e.g. equities) is given by:
Where 20+ is a mean risk premium on the risky asset and ,20+ are innovations to the return of risky asset, which are distributed as (0, 2 ). Moreover, correlation between innovations to risky asset return ,20+ and labour income shocks ,20+ is allowed. This correlation coefficient will be written as .
In each period, it is decided what share of a participant's portfolio will be invested into equities (risky assets). Let this parameter be denoted as ,20+ . The short sales of assets and borrowing in this model are not allowed, which implies that a proportion of assets invested into equities cannot be negative in each period (0 ≤ ,20+ ≤ 1). Thus a person's i portfolio return ,20+ at each period of accumulation t can be written as:
Moreover, the case, when the pension accumulation company does not continue to invest a person's pension assets after the beginning of his retirement, is considered.
The participant's optimization problem. A participant's accumulation process is described as follows: the participant i starts the period t with accumulated wealth in a second pension pillar individual account ,20+ and during the year he transacts 12 monthly contributions from his labour income (12 ⋅ ⋅ ,20+ ) to this pillar. In the beginning of the period t, it is decided how to allocate his assets in the pension account between risky and riskless assets during this period. Thus the accumulated wealth in the beginning of period t+1 (or participant's age of 20+t+1) will be equal to:
Where denotes a constant monthly contribution rate to the second pension pillar. Also, it is assumed that a person's initial wealth (before the start of participation) ,20 will be equal to 1.
According to equations (6) and (7), the participant's accumulated wealth in the second pension pillar at the beginning of period t+1 depends on the selected investment strategy ( ,20+ ) and investment returns on both types of assets from the previous period. The accumulated wealth in a person's pension account before the retirement (at the beginning of age 65) is described by equation (8). 
In Lithuania, participants of the second pension pillar transfer contributions to their pension funds' individual accounts as a constant share of their labour income, which is determined by the government. They also receive state contributions to individual accounts if they make the decision to increase their participation level. Thus in each period participants are not allowed to change their contribution rate and, respectively, their consumption. By choosing to increase the contribution rate to the second pension pillar, participants would consume less in that period in order to accumulate more wealth in a pension account and consume more at the retirement.
In the analysed papers (Cocco et al. (2005) , Bagliano et al. (2009) and Blake et al. (2008) ), person's utility over his lifetime is maximized by choosing not only investment strategy, but also consumption. Due to the specifics of the Lithuanian market, which were mentioned above, the authors needed to find another approach of optimization. Since in Lithuania participants are not allowed to choose their individual contribution rate for each period, it is assumed that maximizing the utility from accumulated wealth right before retirement is the most important of accumulation for them. It is considered, that persons transfer their contributions to second pension pillar individual accounts during all accumulation process and expect, that their accumulated wealth before retirement will be the biggest as possible. It is important, because in the beginning of retirement accumulated wealth is transformed into riskless fixed annuity for rest of life.
Due to these reasons, participant's utility will be calculated from his accumulated wealth before retirement (when age is 65). In analysed papers, power utility function (CRRA) was used in utility calculations. In this case, where utility is measured only for one period, authors applied positive form of exponential utility function (CARA), which is also one of the most common utility functions (see Gerber and Pafumi (1991) 
Where 20,65 denotes probability that person, aged 20, will survive till retirement at age 65, is constant absolute risk aversion parameter. It is assumed that in life-cycle pension fund same investment strategy will be applied to all participants of equal age. Due to this, optimal person's asset allocation in each period of accumulation ( 20+ ) can be evaluated by maximizing the total utility of all participants of a pension fund. Formally, this can be represented in the following equation, where denotes total number of simulated participants:
In order to solve this problem, authors used L-BFGS-B method. It is a limited memory algorithm for solving large non-linear optimization problems subject to simple bounds on the variable (for more details, see Byrd et al. (1994) and Zhu et al. (1994) ). All simulations and calculations have been carried out using "R" code (with package "optim"), prepared by authors.
Parameter calibration
For the model presented in the previous section, it is necessary to select realistic parameter values concerning a participant's labour income process during his working life, survival probability and investment preferences. It is also important to define parameters related to the returns of risky and riskless assets in Lithuania. This set of benchmark parameter values is expressed in real terms, thus inflation does not influence the main results of the model.
As it was mentioned above, a person begins to participate in the second pension pillar at the age of 20 and retires at the age of 65. According to the data of European Commission, the probability of surviving from the age of 20 to the age of 65 for both genders in Lithuania is equal to 75.44%. As regards preferences, the coefficient of constant absolute risk aversion is set to 0.03, which was used in one of the studies analysed by Babcock et al. (1993) . Also it is considered that in the benchmark case a person is participating in the second pension pillar with an increased level of contributions. According to the legislation, after the 1 st of January 2014 new participants might start to accumulate in the second pension pillar only with this option. It means that a participant is paying not only 2% of his labour income to second pension pillar each month, but also a 2% additional contribution supplemented with a state contribution of 2% of average country wage. For the sake of simplicity, the authors considered that a participant's constant monthly contribution rate is equal to 6% of his monthly real labour income (i.e. = 0.06). Also, the annualised long-term real growth rate of labour income is assumed to be = 0.01.
A person's labour income process is calibrated using depersonalized data of all 1.2 million pension fund participants, which was provided by the State Social Insurance Fund Board (Sodra), for the period from 2004Q2 till 2016Q3. In order to prepare the data of a participant's income in real terms, the authors deflated it using the harmonised index of consumer prices (HICP). A participant's career income profile 20+ in Lithuania is estimated by closely following the methodology described by Fernandez-Villaverde and Krueger (2007) and Kolasa (2012) . The logarithm of real monthly labour income is regressed on cohort and year dummy variables and second-order polynomial in age. All coefficients of this regression are statistically significant. As it can be seen from Figure 1 , this estimated age dependent trend has the typical humpshaped profile. The error structure of a participant's labour income process is estimated using a variance decomposition method (see Cocco et al. (2005) and Carroll and Samwick (1997) ). In the benchmark case, the standard deviations of the permanent and transitory shocks to income are set at = 0.0885 and = 0.0445. Furthermore, according to the Bank of Lithuania (2013), the correlation ( ) between innovations to risky asset returns and labour income shocks in Lithuania is equal to 0.35. In the benchmark case, parameter values for the returns of riskless and risky assets are calibrated based on historical data. The constant real long-term rate of riskless asset is set at 1.5% and the standard deviation of innovations to riskless asset return at 1% (i.e. = 0.015 and = 0.01). Furthermore, the standard deviation of innovations to risky asset return is set at 15% (i.e. = 0.15). Due to the population ageing risk, it is assumed that in the long-term the mean risk premium gradually decreases from 5% to 1%.
Simulation results
Benchmark case
Using the model and benchmark parameter values presented in this paper, the authors simulated the shocks to both assets (i.e. and ) and shocks to labour income process (i.e. and ) of 10 000 participants. This allowed the calculation of independent labour income profiles and returns of both assets of these participants during their accumulation period and, respectively, wealth accumulated before retirement. Then it was possible to evaluate the lifecycle investment strategy for the Lithuanian second pension pillar that maximizes the total utility of these simulated participants. Figure 2 shows the mean results of these simulations in the benchmark case.
Figure 2. Optimal participant's equity allocation for the benchmark case
Source: authors' calculations
According to these results, the optimal life-cycle investment strategy in the Lithuanian second pension pillar confirms the conventional financial advice, which suggests for persons to switch from risky to riskless assets as they age. As it was mentioned before, these results are prepared taking into account the specifics of the Lithuanian market, where participants cannot change their contribution rate each year. Figure 2 shows, that at the beginning of the accumulation period, when a participant is 20 years old, it is most rational to invest all his pension assets in an individual account into equities. This asset allocation should be maintained each year till the participant reaches approximately the age of 42. Such investment for a young participant allows to accumulate sufficient assets in the second pillar pension funds due to the potentially higher investment return in the equity market, when high investment risk at this young age is the mostly tolerated. After reaching approximately the age of 42, the participant's pension asset allocation starts to gradually reduce the share of portfolio invested into equities and, respectively, increase the share of riskless assets (e.g. government bonds) as the retirement age approaches. At the last year before retirement, when the participant is 64 years old, it is most rational to invest only 19.3% of his pension assets in an individual account into equities. This asset allocation for senior participants should minimise the risk to lose a part of their accumulated wealth due to potential significant equity market fluctuations at the end the of the accumulation period (before the start of retirement).
This optimal asset allocation profile for equities at each year before retirement is significantly related to a participant's labour income process. A participant starts to gradually shift the share of his portfolio from equities to less risky asset, when he is approximately 42 year old. At this moment, his career income profile almost reaches a peak over working life, when growth rate of monthly real income due to age is less than 1% per year (see Figure 1 ).
Sensitivity analysis
In order to evaluate the sensitivity of optimal life-cycle investment strategy in the Lithuanian second pension pillar, the authors performed the analysis by modifying the benchmark case with different dimensions of the main parameter values. These parameters are related to a participant's contribution rates, preferences, labour income process and investment performance.
Firstly, the authors analysed how the optimal investment strategy is sensitive to various constant contribution rates, applied to the entire accumulation period (45 years). The results are presented in Figure 3 .
Figure 3. Optimal participant's equity allocation for various contribution rates
Source: authors' calculations
When contribution rate is increasing, the participant for the entirety of his working life must to pay a larger part of his labour income to the second pillar pension fund. Respectively, consumption during the accumulation period is also reduced. However, larger contributions permit the participant to accumulate higher wealth in a pension fund before retirement. Due to these reasons, a higher contribution rate during the whole accumulation period causes the participant to start reducing the share of equities in the portfolio at a younger age. When the contribution rate is lower, the optimal asset allocation operates vice versa -the reduction of the share of equities at an older age.
Secondly, the authors analysed the effects of different levels of risk aversion to the optimal investment strategy. These results are shown in Figure 4 . A participant with higher degree of risk aversion is less tolerant to uncertainty, which in this paper could be related to the accumulated wealth before retirement. Thus a higher degree of risk aversion reduces the optimal share of equities and increases the share of less risky assets in a portfolio at a younger age. This allows having a larger part of a participant's pension wealth invested into less risky assets, which serve as buffer savings in case of a depreciation in the equity market. Respectively, a participant with a lower risk aversion acts vice versa and accumulates with higher equity allocation in portfolio at all ages.
Thirdly, the analysis confirmed (see Figure 5 ) that benchmark results show low sensitivity to different degrees of correlation between shocks to equity return and labour income ( ). When correlation between these two variables increases, the optimal equity allocation starts to gradually decrease at a younger age. However, the authors assume that these changes are not very significant.
Fourthly, the authors analysed how optimal equity allocation depends on different values of mean long-term return of riskless asset ( ). The results are presented in Figure 6 . Results confirm that higher mean long-term return of riskless assets increase the share of this type of assets in the participant's portfolio. Due to this reason, the optimal equity allocation is lower than in the benchmark case. However, despite different values of , at the last year before retirement it is optimal to invest approximately 20% of pension fund assets into equities. As it can be seen from Figure 7 , the increasing standard deviation of innovations to return of riskless asset ( ) increase the optimal share of equities in the participant's portfolio. Because this standard deviation is higher, the return of riskless asset is more volatile. This leads to a lower demand of this asset during all accumulation period. However, if does not exceed value of 0.02 (or 2%), the optimal investment strategy stays very close to the benchmark case.
Similarly, a higher standard deviation of innovations to return of equities ( ) reduces the demand of this asset during all accumulation period, because the investment risk is higher. Due to this, as increases it is optimal for the participant to invest less into equities (see Figure 8 ). Lastly, the authors analysed the impact of different utility functions to the main results. As it was mentioned before, a power utility function (CRRA) with a coefficient of relative risk aversion was used in the analysed papers. However, in this case, where a participant's utility is measured only for one period (before retirement, at age 64), authors used a simpler, exponential utility function (CARA) for these calculations, which is also one of most common utility functions. In addition, the use of this function significantly reduced the time of all performed simulations. In Figure 9 the results using both utility functions are presented. Here the coefficient of relative risk aversion for power utility function is equal to 3.
Figure 9. Optimal participant's equity allocation for different utility functions
Source: authors' calculations Figure 9 shows that in both cases it is most rational to invest less than 20% of a participant's pension assets into equities in the last year before retirement. However, simulations using the power utility function suggest starting reducing the share of equities in the portfolio 3 years earlier compared to the benchmark case.
Conclusions
In this paper, the authors prepared a model that closely follows such works as Cocco et al. (2005) , Bagliano et al. (2009) and Blake et al. (2008) . Due to the specifics of the Lithuanian market, where participants are not allowed to select their contribution rate (and respectively, consumption) for each period of accumulation, a modified optimization problem was used in the model. The optimal life-cycle investment strategy in the Lithuanian second pension pillar was evaluated in such a way that it would maximize the total utility of simulated participants before retirement. The case when the pension accumulation company does not continue to invest a person's assets after beginning of his retirement is considered. Parameters concerning the participant's labour income process were calibrated using a full deflated and depersonalised database, provided by State Social Insurance Fund Board (Sodra). Moreover, other parameters, which define investment possibilities in Lithuania, were calibrated using historical data of the investment performance of pension funds. All used parameter values are expressed in real terms, thus inflation does not have an influence on the main results of the model.
The main results of the performed simulations show that from the beginning of the accumulation period (the age of 20) till the age of approximately 42 years it is most rational to invest all pension assets of a participant's individual account into equities. Then optimal asset allocation is gradually switching from equities to less risky assets (government bonds) as the retirement age (65) approaches, where only 19 per cent of assets remain invested into equities. Additionally, hypothesis, that life-cycle investment strategy would be rational choice for second pillar pension fund's participant, was confirmed.
